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Abstract
Let (W,S) be the finite Weyl group with S as its Coxeter generating set. For w ∈W , let
R(w) = {si ∈ S | l(wsi) < l(w)} and L(w) = {si ∈ S | l(siw) < l(w)}, where we denote
by l(w) the minimal length of an expression of w as a product of simple reflections. To
any Weyl group one can associate a corresponding finite-dimensional algebra called 0-
Hecke algebra H where K is any field. Norton [J. Austral. Math. Soc. Ser. A 27 (1979)
337–357] pointed out that the principal indecomposable modules and the irreducible
modules over the 0-Hecke algebra H parametrized by a subset J of S. We denote by
U(Jˆ ) and M(Jˆ ) respectively the principal indecomposable module and the irreducible
module parametrized by J . For two subset J , L of S, let CJL = the number of times
M(L̂) is a composition factor of U(Jˆ ). Norton [J. Austral. Math. Soc. Ser. A 27 (1979)
337–357] shown that CJL = |YL ∩ (YJ )−1| where YL = {w ∈ W | R(w) = L} and
(YJ )
−1 = {w ∈W | L(w)= J }. In this article, we describe explicitly CJL for the 0-Hecke
algebra of type F4 by applying the canonical expression of every element in the Weyl group
of type F4. Thus we determine the Cartan matrix over the 0-Hecke algebra of type F4.
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The paper is organized as follows. In Section 1 we recall some general
results on the representation for 0-Hecke algebra. In Section 2 we describe set
R(w) and canonical expressions for elements of the Weyl group of type Bn. In
Section 3 we describe canonical expressions for elements of the Weyl group of
type F4. In Section 4 we determine all composition factors in every principal
indecomposable module by applying the canonical expression of every element
in the Weyl group of type F4.
1. Preliminaries
1.1. Let W = (W,S) be a Weyl group with S as its Coxeter generator set. Let 
be the standard Bruhat order on W . For w ∈W , we denote by l(w) the length of
w and let
L(w)= {s ∈ S | sw <w}, R(w)= {s ∈ S |ws <w}.
1.2. Let K be any field. The 0-Hecke algebra H over K of type (W,S) is the
associative algebra over K with identity 1 generated by {Ti | si ∈ S}, subject to
the relations:
(i) T 2i =−Ti for all si ∈ S,
(ii) (TiTjTi · · ·)nij = (TjTiTj · · ·)nij for all si , sj ∈ S, si 
= sj , where nij = the
order of sisj in W .
For all w ∈ W , define Tw = Ti1 · · ·Tit , where w = si1 · · · sit is a reduced
expression for w ∈W in terms of the elements of S. Note that T1W = 1 where 1W
denotes the identity element of W . It is easy to show that Tw is independent of the
reduced expression for w, and that every element of H is a K-linear combination
of elements Tw , for w ∈W .
By Bourbaki [1, Exercise 23, p. 55], {Tw | w ∈ W } are linearly independent
over K and so form a K-basis of H .
Lemma [2, Lemma 1.3]. For all si ∈ S and all w ∈W ,
TiTw =
{
Tsiw if l(siw)= l(w)+ 1,
−Tw if l(siw)= l(w)− 1;
TwTi =
{
Twsi if l(wsi )= l(w)+ 1,
−Tw if l(wsi )= l(w)− 1.
1.3. For each J ⊂ S, let λJ be the one-dimensional representation of H defined
by
λJ (Ti)=
{
0 if si ∈ J,
−1 if si /∈ J.
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For all w ∈W , let w = si1si2 · · · sit with l(w)= t . Then
λJ (Tw)= λJ (Ti1) · · ·λJ (Tit ).
Extend λJ to H by linearity. There are 2n such irreducible representations in H
where n= |S|. We denote by M(Jˆ ) the irreducible module λJ .
1.4. For each J ⊂ S, let WJ be the subgroup of W generated by {si | si ∈ J }, let
w0J be the unique element of maximal length in WJ , Jˆ = S − J , YJ = {w ∈W |
R(w)= Jˆ } and let
eJ =
∑
w∈WJ
Tw, oJ = (−1)l(w0J )Tw0J .
Lemma [2, Lemmas 4.2 and 4.5]. (1) For all si ∈ J , TieJ = 0 = eJ Ti and
TioJ =−oJ = oJ Ti .
(2) Let y ∈ YJ for some J ⊂ S. Then TyoJˆ = Ty .
1.5. Lemma [2, (4.10)]. For any y ∈ YJ ,
TiTyeJ =

−TyeJ , if si ∈L(y),
0, if siy = ysj for some sj ∈ J,
TsiyeJ , where siy ∈ YJ
if si /∈L(y) and siy 
= ysj for some sj ∈ J.
1.6. Theorem [2, Theorem 4.12(2)]. HeJoJˆ is a left ideal of H with K-
basis {TyeJ oJˆ | y ∈ YJ }. Hence dimHeJoJˆ = |YJ | . Let YJ = {y1, . . . , ys}, with
l(yi) l(yj ) if i < j , and let
HJ,i =
{
s∑
j=i
kjTyj eJ oJˆ | kj ∈K
}
.
Then
HeJoJˆ =HJ,1 >HJ,2 > · · ·>HJ,s > 0
is a composition series of HeJoJˆ of left H -modules, and HJ,i/HJ,i+1 affords
the representation λM of H , where y−1i ∈ YM and HJ,s+1 = 0. Finally, H =∑⊕
J⊂S HeJoJˆ , a direct sum of 2n left ideals where n= |S|.
Corollary [2, Corollary 4.13]. HeJoJˆ is an indecomposable left ideal of H for
all J ⊂ S.
We denote by U(Jˆ ) the principal indecomposable module HeJoJˆ .
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1.7. Definition. The Cartan matrix C of H , where H is of type (W,S) with
|S| = n, is a 2n × 2n matrix with rows and columns indexed by the subsets of S.
If we write C = (cJL) then
CJL = the number of times M(L̂) is a composition factor of U(Jˆ ).
Theorem [2, Theorem 5.1]. For all J,L⊂ S,
cJL =
∣∣YJ ∩ (YL)−1∣∣= ∣∣YL ∩ (YJ )−1∣∣= cLJ .
Hence C is a symmetric matrix.
2. R(w) for element w in the Weyl group of type Bn
In this section let (W,S) be the Weyl group of type Bn, where S =
{s1, s2, . . . , sn−1, sn} is the generator set of W . Their relations are as follows:
• (sisi+1)3 = e (the identity element of W ) for 1 i < n− 1;
• (sn−1sn)4 = e; and
• (sisj )2 = e for j 
= i ± 1.
Let w1 = s1s2s3 · · · sn−1snsn−1 · · · s3s2s1. For example,
w1 = s1s2s3s4s5s6s7s6s5s4s3s2s1
for n= 7. Similarly let
w2 = s2s3 · · · sn−1snsn−1 · · · s3s2, . . . ,
wi = sisi+1 · · · sn−1snsn−1 · · · si+1si for 2 < i < n− 1,
wn−1 = sn−1snsn−1 and wn = sn.
2.1. The following formulas are easily proved.
2.1.1. sjwi =wisj for j 
= i, i − 1 and 1 i  n− 1.
2.1.2. Let x(j, i)= sj sj−1 · · · si+1si for n > j > i  1. For example, x(7,2)=
s7s6s5s4s3s2. Then x(j, i)x(j, i+ 1)= x(j − 1, i)x(j, i).
2.1.3. Let y(j, i) = sj sj+1 · · · sn−1snsn−1 · · · si+1si for 1  i  j  n. For
example, y(3,2) = s3s4s5s6s5s4s3s2 for n = 6. Then y(j, i)y(j + 1, i + 1) =
y(j + 1, i)y(j + 1, i).
2.2. For any w ∈W we can write w = x1x2x3 · · ·xn−1xn with xi = e or x(j, i) or
y(j, i) such that x1x2 · · ·xi is the distinguished left coset representative element
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in the left coset wW{i+1,i+2,...,n−1,n}, where W{i+1,i+2,...,n} is the subgroup
of W generated by {si+1, si+2, . . . , sn−1, sn}. We call w = x1x2x3 · · ·xn−1xn
a canonical expression of w.
2.3. Similar to [3, Theorem 2.4] we have the following theorem.
Theorem. Let w = x1x2x3 · · ·xn−1xn be a canonical expression of w ∈W . Then
the set R(w) consists of all such elements si ∈ S that the subscript i satisfies one
of the following conditions:
(a) xi 
= e, xi+1 = e for 1 i  n− 1.
(b) If xi+1 
= e for 1 i  n− 1, then
(1) l(xi) > l(xi+1) for l(xi+1) n− i ,
(2) l(xi) > l(xi+1)+ 1 for l(xi+1) n− i + 1.
(c) If xn = sn, then sn ∈ R(w).
Proof. (a) If xi+1 = e, then
xi+2xi+3 · · ·xn−1xn ∈W{i+2,i+3,...,n} and
sixi+1xi+2 · · ·xn−1xn = xi+1xi+2 · · ·xn−1xnsi .
So si ∈ R(w).
(b) In this case si ∈ R(xixi+1) by points 2.1.2 and 2.1.3. Moreover,
sixi+1xi+2 · · ·xn−1xn = xi+1xi+2 · · ·xn−1xnsi .
So si ∈ R(w).
(c) Clearly sn ∈ R(w) for xn = sn. ✷
If the subscript i does not satisfy the above conditions, it must be that l(wsi )=
l(w)+ 1, that is si /∈R(w).
3. The expressions for elements in the Weyl group of type F4
3.1. From now on let (W,S) be the Weyl group of type F4 where S = {si | 1
i  4} is the Coxeter generating set of type F4 and s2i = e (the identity element
of W ) for 1 i  4, (s1s2)3 = (s3s4)3 = e, (s2s3)4 = e and (sisj )2 = e for other
i, j . We say that s ∈ S is special if the subgroup of W generated by S − {s}
has maximal possible order. The simple reflection s1 and s4 are both special. Let
Ii = S − {si} for i = 4,1 and let Wi be the subgroup of W generated by Ii for
i = 4,1. Then W1 (W4) is a Weyl group of type C3 (B3). For any element x ∈W
there exists y0 ∈W4 such that x = x0 · y0 with x0 being a distinguished left W4-
coset representative, where x = x0 · y0 means that l(x)= l(x0)+ l(y0). Thus, we
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must have R(x0)⊆ {s4}. If x0 
= e, then we take x0 = x1 · y1 as above, such that
y1 ∈W1, x1 is a distinguished left W1-coset representative and R(x1)⊆ {s1}, and
so on. Finally, we get
x = ym · ym−1 · · ·y1 · y0 for some m ∈N, (∗)
where y2n ∈W4, R(y2n+1)= {s4} and y2n+1 ∈W1, R(y2n)= {s1} for n  0. All
these ymym−1 · · ·yj+1yj ’s (1  j  m) are distinguished left W4 or W1-coset
representative. We call (∗) the 1-canonical expression of the element x . Similarly,
we have
x = zm · zm−1 · · ·z1 · z0 for some m ∈N, (∗∗)
where z2n ∈W1, R(z2n+1) = {s1} and z2n+1 ∈W4, R(z2n) = {s4} for n  0. All
these zmzm−1 · · ·zj+1zj ’s (1  j  m) are distinguished left W1 or W4-coset
representative. We call (∗∗) the 4-canonical expression of the element x . Let
x = ymym−1 · · ·y1y0 = znzn−1 · · ·z1z0 are two canonical expressions of x with
y0 ∈W4, z0 ∈W1. If l(y0) > (respectively <) l(z0) or l(yi) = l(zi ) for 0  i <
j < m and l(yj ) > (respectively <) l(zj ), then we take x = ymym−1 · · ·y1y0
(respectively x = znzn−1 · · ·z1z0) as its canonical expression; if m = n and
l(yi) = l(zi ) for 0  i  m, then we take x = ymym−1 · · ·y1y0 as its canonical
expression, such that the canonical expression of any element x ∈W is unique.
3.2. Theorem. Let x ∈ W and x = ym · ym−1 · · ·y1 · y0 be the 1-canonical
expression of x and x = zn · zn−1 · · ·z1 · z0 be the 4-canonical expression of x .
Then m,n 3.
For the sake of brevity, we denote the element si ∈ S by symbol i in the
expressions of elements of W .
Proof. Let w0 be the longest element of W . Then
w0 =
12321
43234
12321
43234
323
2
=
43234
12321
43234
12321
232
3
where z3 = 12321, z2 = 43234, z1 = 12321, z0 = 432343232; and y3 = 43234,
y2 = 12321, y1 = 43234, y0 = 123212323. For any element x ∈ W , we have
x w0. So m,n 3. ✷
3.3. If x ∈W4, we can write x = x1x2x3, where R(x1)⊆ {s1}, R(x2)⊆ {s2}, and
R(x3)⊆ {s3}; we have that x1  s1s2s3s2s1, x2  s2s3s2 and x3  s3. We also call
it the canonical expression of x in the finite Weyl group W4. Similarly, there is
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also a canonical expression for the elements of finite Weyl group W1. For x ∈Wi
(i = 1,4), let x = x1x2x3 be the canonical expression of x . Then one can compute
the set R(x) as described in Section 2.3.
Theorem. For w ∈ W , let w = y3y2y1y0 = z3z2z1z0 be two canonical expres-
sions, where y0 ∈W4 and z0 ∈W1. Then R(w)=R(y0)∪R(z0).
Proof. ∀s ∈ R(w), we have s ∈W1 or W4. Thus s ∈ R(y0) ∪R(z0). ✷
3.4. Let a1 = 12321, a2 = 2321, a3 = 321, b4 = 43234, b3 = 3234, b2 = 234,
c2 = 232 and d3 = 323. Then it is easy determined that (w0) = a1b4a1b4d32 =
b4a1b4a1c23.
3.4.1. 3a1 = a13, 2a1 = a12, 3c2 = c23.
3.4.2. 2b4 = b42, 3b4 = b43, 2d3 = d32.
3.4.3. b3a2 = b2a24, a2b3 = a3b31, 3421= a34, 2134= b21.
3.4.4. 4a1b4a1 = a1b4a14 and 1b4a1b4 = b4a1b41.
For any w ∈ W we can easily determine R(w) and L(w) by using Sec-
tions 3.1–3.4 and L(w)=R(w−1).
3.5. Let f be the permutation (1,4)(3,2) on the numbers on the Coxeter diagram
of type F4. Although it is not an automorphism on the Coxeter diagram of type
F4, it can be extended to an automorphism of the Weyl group of type F4, for
it does not change the relations in the generators. Let w = si1si2 · · · sit . Then
f (w)= sf (i1)sf (i2) · · · sf (it ).
3.6. Theorem. For w ∈W , let R(w)= J ⊂ S and L(w)= L⊂ S. Then
(1) R(w0w)= S − J and L(ww0)= S −L;
(2) L(w0w)= S −L and R(ww0)= S − J .
Proof. (1) Let Φ , Φ+(Φ−) and Π be the root system, positive (negative) system
and simple system of type F4 [1]. For each J ⊂ S, let ΦJ , Φ+J (Φ−J ) and ΠJ
be the corresponding root system, positive (negative) system and simple system.
For each w ∈R(J ), i.e., R(w) = J , we have w(Π
Jˆ
) ⊂ Φ+ and w(ΠJ ) ⊂ Φ−.
Since w0(Φ+) = (Φ−), we have w0w(ΠJ ) ⊂ Φ+ and w0w(ΠJˆ ) ⊂ Φ−; i.e.,
R(w0w) = Jˆ = S − J . Hence for any element w ∈W with R(w) = J we have
R(w0w) = S − J . Similarly, for any element w ∈ W with L(w) = L we have
L(ww0)= S −L. So we show (1).
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(2) For any si ∈ S, it is easily checked that w0si = siw0. So, for w =
si1si2 · · · sit , we have
w0w =w0si1si2 · · · sit = si1w0si2 · · · sit = · · · = si1si2 · · · sit w0 =ww0.
So we have L(w0w)= S −L by (1). Similarly for R(ww0)= S − J . ✷
4. The composition factors in the principal indecomposable modules for
0-Hecke algebra of type F4
Following Sections 1.6, 1.7 and 3.3 we can compute composition factors in
every principal indecomposable module for 0-Hecke algebra of type F4. There
are 24 = 32 principal indecomposable modules. U(∅)=M(∅) and U(S)=M(S)
are both trivial 1-dimensional module. According Sections 3.5 and 3.6 we only
need compute the composition factors in 5 principal indecomposable modules.
They are U(1), U(2), U(1,2), U(1,3), and U(1,4).
4.1. LetR(1)= {w ∈W |R(w)= {1}}. As in Section 3.3 we find that a1b4a1(1)
is the longest (shortest) elements in R(1). Then we wipe the leftmost simple
reflection in the reduced expression of the longest element a1b4a1 successively
so that R(w) of the wiped elements is {1}; i.e., if x ∈ R(1) and L(x) = J ,
then for any si ∈ J there is w ∈ W such that x = siw with l(x) = l(w) + 1.
At that time, if R(w) = {1}, then the element w is the only element in R(1)
which is obtained by wiping the leftmost simple reflection si in the reduced
expression of the element x . So we find that R(1) consists of the following
23 elements: a1b4a1, a2b4a1, a3b4a1, 21b4a1, 1b4a1, b4a1, 21b3a1, 1b3a1,
b3a1, 1b2a1, b2a1, 34a1, 4a1, a1, 1b2a2, b2a2, 34a2, 4a2, a2, 4a3, a3, 21,
and 1. If one makes use of the Kazhdan–Lusztig cells [4], then R(1) is a
disjoint union of 3 left cells. {1,21, a3,4a3, a2, a1} is a left cell with a-value 1,
{4a2,34a2, b2a2,1b2a2,4a1,34a1, b2a1, b3a1, b4a1} is a left cell with a-value 2
and {1b2a1,1b3a1,21b3a1,1b4a1,21b4a1, a3b4a1, a2b4a1, a1b4a1} is a left cell
with a-value 3. Following Section 3.4 we can find L(w) of these elements. For
example, L(a1b4a1)= {1}, L(a2b4a1)= {2}, L(a3b4a1)= {3} and L(21b4a1)=
{2,4}. So, by Sections 1.6 and 1.7 we conclude that
U(1) = 4M(1)+ 6M(2)+ 4M(3)+ 2M(4)+M(1,2)+ 2M(1,3)
+ 2M(1,4)+ 2M(2,4),
where the equality sign (=) means that the composition factors of the module
U(1) are the irreducible modules in the right side of the equality. By Section 3.5
we also can obtain
U(4) = 4M(4)+ 6M(3)+ 4M(2)+ 2M(1)+M(34)+ 2M(24)
+ 2M(14)+ 2M(13).
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By Section 3.6 we have
U(234) = 4M(234)+ 6M(134)+ 4M(124)+ 2M(123)+M(34)
+ 2M(24)+ 2M(23)+ 2M(13),
U(123) = 4M(123)+ 6M(124)+ 4M(134)+ 2M(234)+M(12)
+ 2M(23)+ 2M(13)+ 2M(24).
4.2. Let R(2) = {w ∈ W | R(w) = {2}}. By Section 3.3 we find that
b2a1b4a2c2(2) is the longest (shortest) element in the set R(2). There are 95
elements in the set R(2). Similarly to Section 3.1 we conclude that
U(2) = 6M(1)+ 16M(2)+ 12M(3)+ 4M(4)+ 7M(1,2)+ 14M(1,3)
+ 9M(1,4)+ 4M(2,3)+ 12M(2,4)+ 3M(3,4)
+ 5M(1,2,4)+ 3M(1,3,4).
By Section 3.5 we have
U(3) = 4M(1)+ 12M(2)+ 16M(3)+ 6M(4)+ 3M(1,2)+ 12M(1,3)
+ 9M(1,4)+ 4M(2,3)+ 14M(2,4)+ 7M(3,4)
+ 3M(1,2,4)+ 5M(1,3,4).
By Section 3.6 we have
U(1,3,4) = 6M(2,3,4)+ 16M(1,3,4)+ 12M(1,2,4)+ 4M(1,2,3)
+ 7M(3,4)+ 14M(2,4)+ 9M(2,3)+ 4M(1,4)
+ 12M(1,3)+ 3M(1,2)+ 5M(3)+ 3M(2),
U(1,2,4) = 4M(2,3,4)+ 12M(1,3,4)+ 16M(1,2,4)+ 6M(1,2,3)
+ 7M(1,2)+ 14M(1,3)+ 4M(1,4)+ 9M(2,3)
+ 12M(2,4)+ 3M(3,4)+ 3M(3)+ 5M(2).
4.3. Let R(12) = {w ∈ W | R(w) = {s1, s2}}, R(13) = {w ∈ W | R(w) =
{s1, s3}} and R(14) = {w ∈ W | R(w) = {s1, s4}}. By Section 3.3 we find that
b2a1b4a1c2(212) is the longest (shortest) element in the set R(12), b3a1b4a1323
(31) is the longest (shortest) element in the set R(13) and b4a1b4a1 (14) is the
longest (shortest) element in the set R(14). Similarly to Section 4.1 we find the
composition factors in U(1,2), U(1,3) and U(1,4), respectively. By Section 2.3
we obtain the composition factors in U(3,4), U(2,4) and U(2,3), respectively.
These results are shown in the following Cartan matrix. The determinant of the
Cartan matrix is 0.
For 1  i < j < k  4 we denote by (i), (ij) and (ijk) the principal
indecomposable modules U(i), U(i, j) and U(i, j , k), respectively, in the
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Table 1
J The longest element J The longest element
1 a1b4a1 2, 3, 4 w01
4 b4a1b4 1, 2, 3 w04
2 b2a1b4a2c2 1, 3, 4 w02
3 a3b4a1b3d3 1, 2, 4 w03
1, 2 b2a1b4a1c2 3, 4 w0212
1, 3 b3a1b4a1323 2, 4 w013
1, 4 b4a1b4a1 2, 3 w014
following Cartan matrix. For 1  i < j < k  4 we denote by [i], [ij ] and
[ijk] the irreducible modules M(i), M(i, j) and M(i, j, k), respectively, in the
following Cartan matrix:
[1] [2] [3] [4] [12] [13] [14] [23] [24] [34] [123] [124] [134] [234]
(1) 4 6 4 2 1 2 2 0 2 0 0 0 0 0
(2) 6 16 12 4 7 14 9 4 12 3 0 5 3 0
(3) 4 12 16 6 3 12 9 4 14 7 0 3 5 0
(4) 2 4 6 4 0 2 2 0 2 1 0 0 0 0
(12) 1 7 3 0 11 13 7 7 10 3 1 7 3 0
(13) 2 14 12 2 13 28 16 16 26 10 2 14 12 2
(14) 2 9 9 2 7 16 12 9 16 7 0 4 4 0
(23) 0 4 4 0 7 16 9 12 16 7 2 9 9 2
(24) 2 12 14 2 10 26 16 16 28 13 2 12 14 2
(34) 0 3 7 1 3 10 7 7 13 11 0 3 7 1
(123) 0 0 0 0 1 2 0 2 2 0 4 6 4 2
(124) 0 5 3 0 7 14 4 9 12 3 6 16 12 4
(134) 0 3 5 0 3 12 4 9 14 7 4 12 16 6
(234) 0 0 0 0 0 2 0 2 2 1 2 4 6 4
Remark. The principal indecomposable modules U(∅) and U(1,2,3,4) are not
in the Cartan matrix.
For each J ⊂ S we also list the longest element in the set R(J ) in Table 1.
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